We introduce the concept of multipole spatial optical vector solitons associated with higher-order guided modes trapped by a soliton-induced waveguide in a bulk medium. Such stationary localized waves include previously predicted vortex-and dipole-mode vector solitons and also describe new higher-order vector solitons and necklace-type beams. We present the theoretical and experimental results of the structure, formation, and instability development of the quadrupole vector solitons.
The study of spatial optical solitons and their interactions became an active area of research after a number of experimental observations of self-guided light beams in various types of nonlinear bulk media. 1 In particular, it has been shown that several beams can be combined to produce multicomponent self-trapped states, also known as vector solitons. From the physical point of view, one of the components of such a composite state can be viewed as inducing an effective waveguide that supports other components as the linear guided modes of different orders. From the mathematical point of view, this linear picture is valid only at the mode cutoff, but, in general, vector solitons are nonlinear modes: stationary localized solutions of coupled nonlinear equations (see, e.g., Refs. 2 and 3).
When the soliton-induced waveguide traps one or several higher-order modes, the corresponding vector soliton may have a complex internal structure with several humps in the intensity prof ile. Such solitons have already been studied in the ͑1 1 1͒-dimensional case. 4 Recently this study was extended to ͑2 1 1͒-dimensional vector spatial solitons in a bulk medium, 5 in which some of the soliton components may carry an angular momentum. Consequently it was demonstrated that the vortex-mode vector soliton is linearly unstable even in a saturable isotropic nonlinear medium. 6, 7 The only linearly stable composite object found so far is the so-called dipole-mode vector soliton that was recently predicted theoretically 7 and generated experimentally in a bulk photorefractive medium. 8, 9 The link between the modal structure of vector solitons and the guided modes of the soliton-induced waveguides encourages us to search for other types of vector solitary waves with an elaborate geometry. Employing the physics of the guided modes of radially symmetric optical waveguides, 10 we studied a general class of two-mode vector solitons composed of two incoherently interacting optical beams in a bulk medium.
We predict the existence of new types of stationary self-trapped states-multipole vector solitons, which include both vortex-and dipole-mode solitary waves as particular examples. In addition, we analyze the quadrupole vector solitons in more detail and demonstrate that the physics of soliton-induced waveguiding enables us to observe them in experiment.
The interaction of two mutually incoherent optical beams propagating in a bulk saturable medium is modeled by the normalized equations for the slowly varying envelopes 5, 7 :
where D Ќ is the transverse Laplacian and z is the propagation coordinate. Equations (1) describe, in a greatly simplified isotropic approximation, screening spatial solitons in photorefractive optical materials. 11 We look for ͑2 1 1͒-dimensional stationary solutions of these equations in the form E 1 u͑x, y͒exp͑ib 1 z͒ and E 2 u͑x, y͒exp͑ib 2 z͒, where b 1 and b 2 are two propagation constants. Introducing parameters l 1, 2 ϵ 1 2 b 1, 2 and renormalizing the amplitudes ͕u, w͖
we derive the equations for u and w:
where l ϵ l 2 ͞l 1 , the function F ͑I ͒ I ͑1 1 sI ͒ 21 characterizes a saturable nonlinearity of the medium, s ϵ l 1 is the saturation parameter (the limit s ! 0 corresponds to the Kerr medium), and I juj 2 1 jwj 2 is the total intensity (see details in Refs. 3 and 7) . In what follows, we assume that the u component has no nodes. First we note that in the waveguiding regime (i.e., when w , , u) the equation for w describes the linear guided modes of a radially symmetric waveguide induced by the u component. These modes can be presented in the form w͑r, w͒ K m ͑ p l r͒ ͓A cos͑mw͒ 1 B sin͑mw͔͒, where A and B are free parameters, m is an integer, and K m ͑ p l r͒ is the modified Bessel function of order m.
The linear waveguiding theory leads us to anticipate that in the nonlinear regime ͑w ϳ u͒ the mutual trapping of the two beams can result in a similar modal structure and that Eqs. (2) possess a family of two-mode localized solutions, which can be called multipole vector solitons. However, the studies of higher-order vector solitons have shown that the modal structure of these solitons in the nonlinear regime is determined by a composite waveguide induced by both nonlinearly interacting soliton components and cannot be predicted by the linear theory. 3, 6 So far, numerical methods have proved to be the only available tool for analyzing the mutually trapped ͑2 1 1͒-D states in the nonlinear regime, especially solitons with no radial symmetry. 7 Here we develop an analytical variational approach to describe the modal structure of the localized solutions of Eqs. (2) (2)]. However, the latter problem is much more involved than the variational equations and is tackled with an optimized two-dimensional numerical relaxation technique. Figures 1(a) and 1(b) show one example of the variational solutions obtained from Eqs. (3) by the shooting technique, compared with the numerical solution of Eqs. (2) . Figure 1(c) shows a comparison between the direct numerical results (circles and triangles) and variational dependences (solid curves) for the soliton powers def ined as P tot P u 1 P w R ͑u 2 1 w 2 ͒dr. We found that the power of the dipole-mode soliton has the lowest possible value in the whole class of solutions described by the adopted ansatz for various values of p and m. As follows from Fig. 1(c) , the variational approximation enables us to obtain the entire families of two-component localized solutions of Eqs. (2) with good accuracy. Another indication of the quality of the variational solutions is that, when they are used as initial conditions for the numerical propagation routine for Eq. (1), they rapidly converge to the stationary solutions of Eqs. (2) .
For p 0 and larger values of the mode order m ͑m . 1͒, our variational results suggest the existence of different two-component stationary localized waves with an elaborate geometry. To verify that such solutions indeed exist, we integrate the system of coupled nonlinear equations (2) describes a coupled state of two dipole-mode solitons, and in the latter case the stationary dodecagon-type solution resembles the so-called necklace-type solitary waves studied earlier as expanding (i.e., nonstationary) scalar structures in self-focusing Kerr media. 12, 13 To provide experimental support for our predictions, we study the formation of the quadrupole vector solitons in a photorefractive (strontium barium niobate) crystal. The experimental setup is similar to that described in Ref. 8 . A beam from the solid-state laser (at 532 nm) is split into two. One beam passes through two perpendicular glass slides, which transform it into a square array of four beamlets with p relative phase difference. The other beam is transferred by a system of mirrors and recombined with the first one so the two waves propagate in parallel. To ensure that the two beams are mutually temporally incoherent, the fundamental component is ref lected from a mirror oscillating at 1 kHz, so the slow crystal response cannot follow fast changes in the relative beam phase. The resultant composite beam is then focused onto an input face of a 10-mm-long strontium barium niobate crystal, biased along its optical axis with a 2-kV͞cm dc electric field, which produces self-focusing saturable nonlinearity. Saturation is controlled by external illumination with a wide beam derived from a white-light source. The input and output faces of the crystal are imaged with a CCD camera.
Typical results of our experiments are presented in Fig. 3 . The top and bottom rows display the fundamental ͑u͒ and the quadrupole ͑w͒ components, respectively. Figure 3(a) shows the light intensity of both components at the input face of the strontium barium niobate crystal. Figure 3(b) illustrates the output beams in the case when the components propagate independently in the crystal. The self-focusing effect results in the formation of a single (top) or a set of four (bottom) soliton beams. The latter are strongly repelling because of the imposed p phase difference. A drastically different effect is observed when both components propagate simultaneously. Because of their interaction, the two components create an effective waveguide that traps all four beamlets of the second component, as shown in Fig. 3(c) . This is the mechanism responsible for the creation of multipole vector solitons. To check how robust the quadrupole soliton is, we perturb the initial intensity distribution by shifting the fundamental beam upward. The consequence of this perturbation is shown in Fig. 3(d) , where one can see that, instead of a quadrupole structure, a more robust dipole-mode vector soliton is formed, and two untrapped fundamental solitons (bottom lobes of the w component) are repelled and f ly away. This situation was also observed numerically by solving evolution equations (1) with the corresponding variational solution for m 2 as an initial condition.
In conclusion, we have predicted novel classes of spatial optical vector soliton in a self-focusing bulk nonlinear medium that include, as special examples, previously studied vortex-and dipole-mode vector solitons. We have developed a variational approach for the analytical description of these solitary waves and studied the quadrupole solitons in more detail. A rigorous stability analysis of the multipole vector solitons still needs to be made, but our numerical and experimental results demonstrate that the formation of such higher-order self-trapped states is indeed possible as a result of the strong stabilizing effect of the soliton-induced waveguide.
